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Abstract

We study how optimal income taxes behave over the business cycle in the presence of downward rigid
wages. This friction implies the existence of a price floor in the labor market. Additionally, it introduces a
pecuniary externality since agents fail to recognize that their current decisions affect the price floor in the
next period. We consider a standard neoclassical general equilibrium model in which the government can
only tax labor and capital income. A Ramsey planner chooses the sequence of labor and capital income
taxes to finance an exogenous sequence of government spending while recognizing that the current wage
affects the lower bound on wages in the next period. We derive analytical results regarding the optimal
labor and capital income tax rates. In a version of our model without downward rigid wages, the optimal
labor income tax is constant over the business cycle and the optimal capital income tax is exactly equal to
zero. We find that in the presence of downward rigid wages, the optimal labor income tax is not constant
over the business cycle. It is, on average, higher when the wage is at the lower bound, because it is
possible to raise tax revenue without introducing additional distortions. When the wage is above the
lower bound, the labor income tax is, on average, lower. We also find that the capital income tax can be
positive or negative. Finally, we solve a numerical example to illustrate these properties and conclude
that the optimal labor income tax behaves counter-cyclically to output and that the optimal capital income

tax behaves pro-cyclically to output.
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1 Introduction

The classical result in the literature of optimal taxation is the Chamley-Judd result after Judd (1985)
and Chamley (1986). This result states that capital income should not be taxed in the long run.
Over the business cycle, optimal fiscal policy is characterized by a similar behavior. In a stochastic
neoclassical growth model calibrated to the U.S. economy, Chari, Christiano, and Kehoe (1991)
show that optimal fiscal policy over the business cycle exhibits two properties: (i) the optimal
labor income tax is roughly constant; and (i7) the optimal ex-ante capital income tax is approx-
imately equal to zero.! There is, however, a class of utility functions such that uniform labor
income taxation and zero capital income tax rates are optimal. We say that this class of utility
functions represents preferences that are standard preferences in macroeconomics. They are char-
acterized by additive separability in consumption and leisure, a constant inter-temporal elasticity
of substitution of consumption, and a constant Frisch elasticity of labor supply (see Zhu (1992),

Proposition 4).

In this paper, we augment the standard framework where these results hold and study how labor
market frictions affect optimal fiscal policy. Particularly, we are interested in downward rigid
wages as in Schmitt-Grohé and Uribe (2016) and Wolf (2020). This friction is characterized by the
fact that the wage in every period cannot fall below an endogenously determined lower bound,
which corresponds to a fraction of the wage in the previous period. Since agents are atomistic, they
fail to recognize that their current decisions affect the lower bound on wages in the next period.
Therefore, there is a pecuniary externality in our environment. The costs of this friction can be
high, since the existence of a price floor in the labor market makes it possible to have involuntary

unemployment along the equilibrium path for a given arbitrary fiscal policy.?

To address these problems, optimal fiscal policy cannot be used as under flexible prices. Instead,

it must change along the business cycle depending on whether the equilibrium wage is at the

1For more references on these results, see, for example, Chari, Christiano, and Kehoe (1994), Chari and Kehoe (1999),
and Chari, Nicolini, and Teles (2020).

2Qur environment is a representative agent environment. Therefore, there is no involuntary unemployment in the
strict sense that some agents wish to work at the given wage rate but cannot. Instead, our environment is one in which
there might be underemployment along the equilibrium path.



lower bound or not, even if preferences are standard preferences in macroeconomics. We show
that when the current wage rate is above the lower bound, the optimal labor income tax is used
to lower the current wage, which reduces the exposure to the endogenous lower bound in the
future. A lower than average labor income tax achieves this goal, because it expands labor supply,
resulting in a lower equilibrium wage. However, if the current wage rate is at the lower bound,
the optimal labor income should be set in a way that the pre-tax wage — the lower bound - clears
the labor market. This requires choosing a higher than average labor income tax rate. The inter-
pretation is that a higher labor income tax rate in this situation does not change the labor market
outcome, making it possible to raise revenue without introducing additional distortions. There-
fore, we show that the labor income tax should be lower when the current wage is above its lower
bound and it should be higher when the current wage is at the lower bound. The capital income
tax also plays a role in mitigating the effects of downward rigid wages because the marginal prod-
uct of labor depends positively on the stock of capital. If the current wage is at the lower bound,
the (ex-ante) capital income tax rate collected in the current period is lower. Since this event was
assigned a positive probability in the previous period, the ex-ante capital income tax should be
used to affect investment and, as a result, the stock of capital. A lower capital income tax rate
induces households to invest more in capital, leading to a higher marginal product of capital in
the current period, thus offsetting the negative effects of the current lower bound on wages. But
if in the current period there is a positive probability that the wage is going to be at the lower
bound in the next period, the ex-ante capital income tax rate collected in the current period should
be higher. The interpretation is that setting a higher ex-ante capital income tax rate in the previous
period reduces the return on investment in physical capital. This, in turn, contributes to a lower
marginal product of labor in the current period since lower investment results in a lower capital
stock, thus reducing the exposure to the endogenous lower bound on wages in the future. We
perform a simple calibration exercise to the U.S. economy and conclude that these features trans-
late into an optimal labor income tax rate that is counter-cyclical to output and an optimal capital

income tax rate that is pro-cyclical to output.



We derive these results in a standard framework in the literature of optimal fiscal policy. We
consider a real dynamic stochastic general equilibrium model with endogenous labor, capital ac-
cumulation, complete markets, and a government that only has access to a state-contingent labor
income taxes and an ex-ante capital income taxes. However, we introduce a friction in the labor
market in the form of downward rigid wages. We borrow the specification from Schmitt-Grohé
and Uribe (2016), though we impose that real wages are downward rigid.®> In this environment,
downward rigid wages effectively work as an endogenous price floor in the labor market, which
is occasionally binding. When the wage is at the lower bound, the quantity of labor that solves
the firms’ profit-maximization problem is less than the quantity of labor that solves the house-
holds’ unconstrained utility-maximization problem* and there is underemployment. Moreover,
the quantity of labor worked is determined by the firms” demand. We study the general equilib-
rium effects of downward rigid wages by introducing an additional constraint on the households’
consumption set. This constraint states that households cannot choose a quantity of labor above
some exogenously given level, which, in equilibrium, represents the quantity of labor that solves
the firms’ profit-maximization problem. This additional constraint is a rationing constraint that
allows us to properly define a solution concept in an environment with downward rigid wages.
This constraint is a novelty in our environment and ensures that our solution concept is such that
the quantity of labor that solves the households’ utility-maximization problem is always equal to
the quantity of labor that solves the firms’ profit-maximization problem. Nevertheless, involun-
tary unemployment (more formally, underemployment) still exists in our environment, although

it cannot be directly measured®.

The relevance of downward rigid wages is well established in the literature. From an enthno-
graphical point, Bewley (1995) and Campbell and Kamlani (1997) make a strong case for the claim

that wages are downward rigid. Through many interviews these studies find that firms are re-

3 A rationale for this assumption is the inflation mandate of the monetary authority. Together with downward rigid
nominal wages, a stable inflation path imposes an upper bound on negative real wage changes.

“We say unconstrained, because we will introduce a rationing constraint in the households’ consumption set. See the
discussion below.

5We could measure underemployment by computing the difference between the quantity of labor under flexible
wages and the quantity of labor in our environment.



luctant to cut wages unless under very severe circumstances. The main reason for this behavior
is the fear of the adverse effects on morale and turnover. Empirically, there exists an extensive
body of literature that suggests that wage cuts are rare in the U.S. despite studies such as Card
and Hyslop (1997) finding a noticeable fraction of workers receiving wage cuts. The argument
against these findings is based on the fact that they arise from reporting errors. Akerlof, Dick-
ens, and Perry (1996) illustrate this point by collecting a small wage sample through a telephone
survey in the Washington D.C. area. Altonji and Devereux (1999) and Gottschalk (2005) address
the measurement error using data from the Panel Study of Income Dynamics and find no support
for the claim that wages are flexible. Using data from the Employment Cost Index published by
the Bureau of Labor Statistics, Lebow, Saks and Wilson (1999) reach similar conclusions. A more
recent work by Hazell and Taska (2024) focuses on the wage of new hires. The authors show
that wages for new vacancies are downward rigid, but upward flexible. Similar evidence exists
in other advanced economies. Dickens, Goette, Groshen, Holden, Messina, Schweitzer, Turunen,
and Ward (2007) provide a review of international evidence based on data from 16 countries in the
International Wage Flexibility Project, while Holden and Wulfsberg (2008) provide evidence from
19 OECD countries. Perhaps more important to our paper is the evidence presented by Holden
and Wulfsberg (2009). Using the same sample of 19 OECD countries, the authors find that, de-
spite there existing stronger evidence for downward nominal wage rigidity, downward real wage
rigidity is statistically significant. Additionally, they find that downward real wage rigidity is
more prevelant in countries with stricter employment protection legislation and higher density of
union coverage, something that is also seen in Babecky, Du Caju, Kosma, Lawless, Messina, and
Rd6m (2009) for European firms. All these studies are based on micro-level data. At a macro-
level, Schmitt-Grohé and Uribe show that wages are downward rigid in the peripheral European

countries.

The work by Wolf (2020) is, perhaps, the closest to ours. He studies a small open economy with

a fixed exchange rate regime and downward rigid nominal wages®, but without capital accumu-

®In an environment with a fixed exchange rate regime, a small open economy cannot affect the price of the tradable
good. This effectively translates into downward rigid real wages whenever nominal wages are downward rigid.



lation and without government spending. He also considers a different set of fiscal instruments.
Whereas we highlight the role of labor income taxes (and capital income taxes), Wolf (2020) allows
the government to use only payroll taxes on employers, but not subsidies. In periods where the
wage floor is low enough, Wolf (2020) advocates for a positive payroll tax rate. By increasing the
effective cost of labor to employers, a positive payroll tax rate achieves a current wage lower than
without optimal policy by reducing employment. Our assumption that the payroll tax rate is al-
ways zero implies that the planner must always choose an outcome along the marginal product
of labor curve. However, it is possible to reduce the current wage in such periods with a lower tax
on households’ labor income, resulting in higher employment. Even though both policies aim for
a lower current wage to reduce the probability that the wage floor binds in the future, they have

different implications in terms of the constrained efficient allocation is.

This paper relates to the literature of fiscal devaluations. Addo, Correia, and Teles (2008 and 2009)
show that fiscal policy can be used to implement equilibrium allocations with flexible price under
sticky prices. They highlight the role of payroll subsidies to ensure that a flexible wage allocation
can be implemented with constant wages. In a similar exercise, Farhi, Gopinath, and Itskhoki
(2014) show that fiscal policy can be used to replicate the allocations that are obtainable with
nominal devaluations. They also emphasize the role of payroll subsidies to overcome the friction
imposed by wage stickiness. Our environment is a closed economy environment, but these results
are still true. If we enlarge our set of fiscal instruments to include payroll taxes, the distortion im-
posed by downward rigid wages ceases to be relevant in the sense that it is possible to implement
the flexible wage allocation. In this setting, optimal fiscal policy would be characterized by a de-
crease in the payroll tax rate and an increase in the labor income tax rate whenever the wage is at
the lower bound and cannot fully adjust downward. By abstracting from payroll taxes, we cannot
implement the flexible wage allocation. The reason we restrict the set of fiscal instruments in a
way that the government does not have access to payroll taxes can be seen in Figure 1. Looking at

the payroll tax rates paid by employers in the U.S., we can see that it has remained constant since



19907. Over the same time period, however, the average labor income tax rate has fluctuated.
Optimal fiscal policy without payroll taxes is characterized by an increase in the labor income tax
rate in whenever the wage is at the lower bound until the gap in the labor market is closed. The
interpretation is that in these histories, the labor market outcome is uniquely determined by firms’
demand. As a result, the government can collect higher revenue without raising additional distor-
tions. Belchior and Reis (2024) find similar conclusions in a small open economy with downward
nominal wage rigidities and a fixed exchange rate regime. More interestingly, they find that re-
stricting free capital mobility by introducing macroprudential capital controls that reduce capital
inflows during normal times is only optimal if the Ramsey planner cannot use labor income taxes

as we advocate in this paper.

This paper also relates to the literature of the labor wedge, the gap between the marginal rate of
substitution between labor and consumption and the marginal product of labor. Shimer (2009)
measures the labor wedge in the United States and shows that it is counter-cyclical. Karabar-
bounis (2013) decomposes the labor wedge into the firm component of the labor wedge and the
household component and shows that most of the variation of the labor wedge is due to the house-
hold component. The classical results in the literature of optimal Ramsey taxation suggest that the
optimal labor wedge is constant. However, in our environment with downward rigid wages, the
optimal labor wedge exhibits a counter-cyclical behavior. This is not surprising since the pres-
ence of downward rigid wages makes it so that whenever the current wage is at the lower bound,
the marginal rate of substitution between labor and consumption is strictly less than the after-tax
real wage (unless the optimal policy is implemented). Therefore, the very nature of the friction
generates a counter-cyclical gap between the marginal rate of substitution between labor and con-
sumption and the marginal product of labor. Since the optimal labor income tax is always used in
a way that the marginal rate of substitution between labor and consumption is always equal to the

after-tax real wage, it follows that the optimal labor wedge in our environment is counter-cyclical.

The paper is organized as follows. Section 2 introduces the environment and addresses the impli-

7If we look at the entire time series available in the Social Security Administration website, we can see that it has
been increasing. See https://www.ssa.gov/oact/progdata/taxRates.html.
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Figure 1: Payroll taxes and average labor income taxes in the U.S.

Notes: We use data from the Social Security Administration on the Social Security’s Old-Age, Survivors,
and Disability Insurance (OASDI). The conclusions would be similar if we included the Medicare’s Hospital
Insurance (HI) program, since the rate on employers has remained constant at 1.45% since 1986. (Source:
https://www.ssa.gov/oact/progdata/taxRates.html.) For the average labor income tax rate, we
made a simple calculation, which we hope can serve as a good approximation. We used the NIPA Table 2.1
to get data on the wages and compensations of employees in the U.S. and the NIPA Table 3.1 to get data on
personal current taxes. Our measure of the average labor income tax rate is obtained as the ratio of personal
current taxes to wages and compensations of employees.

cations of downward rigid wages by introducing a rationing constraint on the households’ con-
sumption set. Section 3 includes the optimal taxation problem and the theoretical results about
optimal income taxation policy with downward rigid wages. In section 4, we calibrate the model
to match some moments of the U.S. economy and perform a numerical exercise to explore the
some statistical properties of the fiscal variables. Section 5 concludes. All proofs are relegated to

the Appendix.
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2 Environment

Consider an infinitely-lived representative agent closed economy. Every period t > 0 a random
variable s; is drawn from the finite set S = {0, 1,...,S}. The exogenous state of the economy at
tis s' = (so,s1,...,st), which represents the history of realizations up until period t. Also, the
probability of reaching state s’ is 77(s!). We assume that the initial state s is given. The exogenous
state s’ determines aggregate productivity and government spending. Let A(s¢) and g(s¢) denote

aggregate productivity and government spending, respectively, if the history at ¢ is s’.

Every (t,s!), a continuum of measure one of identical firms transforms capital, k(s'~!), and labor,

n(s'), into a single final good using a technology represented by

A(st)F(k(s"™1),n(s")),

where F(+) is a constant returns to scale production function, which is strictly increasing, strictly
concave, twice continuously differentiable, and satisfies the Inada conditions. The final good is
used for private consumption, c(s'), government spending, ¢(s'), and investment, k(s') — (1 —

8)k(s'~1), according to the resource constraint

c(s') +g(st) +k(s') — (1= 8)k(s'"™) = A(s) F(k(s'™1), n(s")). 1)

There is a continuum of measure one of identical households with preferences over streams of
state contingent consumption and labor, {{c(s"), n(s") }s }+>0, represented by the lifetime utility

function

Y AU (e ()1 (5), @

t=0 st

where B € (0,1) is the subjective discount factor. The period utility function U(-, ) is strictly



increasing, strictly concave, twice continuously differentiable with respect to consumption and
strictly decreasing, strictly concave, and twice continuous differentiable with respect to labor. Ad-
ditionally, it and satisfies the Inada conditions. Furthermore, we assume that preferences are stan-

dard in macroeconomics.

Assumption 1 (Standard preferences in macroeconomics). The period utility function is additively
separable in consumption and labor. Thatis, U (c (s') ,n (s')) = u(c(s")) — 6h(n(s")), where 6 > 0
is the disutility of labor parameter. Moreover, it has a constant coefficient of relative risk aversion

in consumption and a constant Frisch elasticity of labor supply. That is®,

_ues)) oty = W(n()) sty = t
7(c(s)) c(s') =0 and 7 (n(s) n(s') =19 V(ts).
Assumption 1 is reminiscent of the statement in Zhu (1992, Proposition 4). Consequently, his

results would follow through if wages were flexible.

There is also a government that must finance a stream of exogenously given government spend-
ing, {{g(s)}« }>0, and initial debt, b(s?). We assume that the government has access to stan-
dard income taxes - a state-contingent labor income tax, T,(s'), and an ex-ante capital income tax,
7:(s'71)°. We further assume that the government can issue state-contingent claims, b(s;1|s!).
Lastly, we assume that the government can make state-contingent transfers, T(st), to households,

but it cannot collect lump-sum taxes.

Finally, the environment is characterized by the existence of a friction in the labor market. Specif-

ically, we impose that pre-tax wages are downward rigid. That is,

w(sh) > qw(s'1), v o(tsh), (3)

8The Frisch elasticity of labor supply is 1/ 4.

9We need to impose that the government only has access to ex-ante capital to ensure that the optimal capital income
tax rate is uniquely defined. If the government were to use state-contingent capital income taxes, we could find many
different ways of implementing the Ramsey allocation. The reason is the only thing that matters for the capital accu-
mulation decision is the expected return on that investment. As such, there exist infinitely many different combinations
of state-contingent capital income taxes that attain the expected return chosen by the Ramsey planner. Yet, there exists
only one ex-ante capital income tax rate



where ¢ € [0,1) measures the degree of downward wage rigidity, with ¢ = 0 representing the
environment with flexible wages. In this model, downward wage rigidity represents a pecuniary
externality because the labor market outcome at (t — 1,s!~1) affects the labor market outcomes
that can be attained at all sf. Yet, both households and firms fail to incorporate this fact when
they interact in the labor market. This can cause involuntary unemployment at some history s
if the labor market outcome at s~ has an excessively high wage w(s~!), making it impossible
for the wage w(s') to fully adjust downwards in response to a low realization of the aggregate
productivity shock. We assume that there exists a historical wage, w(s~1), which is exogenously

given.

2.1 The households’ problem

Every (t,s'), households receive an after-tax wage (1 — 7,(s"))w(s') for every unit of labor n(s")
and also receive an after-tax capital rent (1 — 7 (s*~1))r(s) for every unit of capital k(s'~!) rented
out to firms. Furthermore, households receive a payment of one unit of output from each Arrow
security purchased in the previous period that pay only if s is realized. Finally, they receive
lump-sum transfers, T(s'), from the government. Households use income to finance consumption
expenditures, c(s'), capital investment expenditures, k(s!) — (1 — 6)k(s* 1), and purchases of state-
contingent claims, b(s;;1|s'), that cost g(s;;1|s") units of outputin (#,s') and pay one unit of output

in t 4 1if s;41 is realized and zero otherwise. The budget constraints are

c(s") +k(s") — (1 = O)k(s" 1) + ZS q(st41]s)b(sr4als") =
§1+1€ 4)

(1= Tu(s"))w(s)n(s") + (1 — (s ))r(s)k(s"™1) + b(sels"™") + T(s"),  V(ts"),

together with a no-Ponzi games condition.

In our environment, however, we must introduce an additional restriction to the households’ con-

sumption set, which is

10



n(st) <ni(s'), WV(ts). (5)

The interpretation of this constraint is that, at any (¢,s), the quantity of labor that households
choose to work cannot exceed some value n(s*). Households take n(s') as given, but this is an
object that is determined by our solution concept and it represents the quantity of labor that firms
demand at (t,s")!°. The role of this constraint is to account for the fact that in states where wages
cannot fully adjust downwards and (3) is binding, the quantity of labor is uniquely determined
by firms. Households are off the labor supply schedule and there is involuntary unemployment.
This issue is typically addressed by imposing a complementary slackness condition that states that
when the the wage cannot fully adjust downwards, the quantity of labor worked is determined
by firms!!. Our additional constraint makes the complementary slackness condition a necessary
condition for the solution to the utility-maximization problem. With this constraint we ensure that
the quantity of labor that solves the utility-maximization problem always equals the quantity of
labor that solves the profit-maximization problem. But this does not mean that there is no invol-
untary unemployment. In this setting, there is involuntary unemployment when (5) is binding,
with the Lagrange multiplier on this constraint representing the price households are willing to

pay in order to be able to work one additional marginal unit of labor.

The utility-maximization problem consists in choosing the state-contingent sequence of consump-
tion, labor, capital and Arrow-Debreu securities that maximizes (2) subject to (4), (5), and a no-
Ponzi games condition, taking the sequences of prices, taxes, lump-sum transfers, and upper
bounds on labor, as well as initial conditions k(s~!) and b(s~!). Let B!7t(s')A(s') be the present-
value multiplier on (5). The solution to the utility-maximization problem must satisfy the Euler

equations

19We can argue that this constraint is also part of the households’ consumption set even when wages are flexible. The
difference, relative to our environment, is that when wages are flexible, this constraint is never binding.
HSee, for example, Schmitt-Grohé and Uribe (2016).
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=B ) mseals)u' (e )M =0+ (1 —m(s))r(s™ ], V(t,s") (6)

St+1€S

el = PR (), i), %

and the intra-temporal marginal conditions and complementary slackness conditions

v(t,s') ®)

AsH[n(s) —nt(s")] =0 and A(s') >0, V(ts"). )

Equations (8) and (9) are the novelty of our environment, since they result from the additional
constraint on the consumption set (5). They allow for the consideration of involuntary unemploy-
ment while ensuring that the quantity of labor that solves the utility-maximization problem does
not necessarily belong to the labor supply schedule. To see this, consider that there is some history

st such that n?(s) is low enough. As a result, A(s!) > 0 and

01 (n(s")) < 1 (c(s")) (1 — Tu(s") ao(s").

This shows that, at the given after-tax wage, the households’ disutility of one additional marginal
unit of labor is less than the utility brought about (1 — 7, (s"))w(s') additional units of consump-
tion. Consequently, households wish to increase the quantity of labor, but they cannot. Whenever
(5) is binding, the solution to the utility-maximization problem is off the labor supply schedule and
there is involuntary unemployment. The Lagrange multiplier A (s') > 0 represents the shadow

price households are willing to pay to be able to work more at the market wage rate.

12



2.2 The firms’ problem

Firms solve a sequence of static problems. Every (t,s'), they hire labor, n(s"), at the given pre-tax
wage w(s'), and rent capital, k% (s), at the given pre-tax rent r(s') to produce a final good with the

highest possible profit. Profit is

A(s))F(K(s),n(s")) —w(s"n(s') — r(s)k?(s"), V(t,s").

The solution to the profit-maximization problem satisfies the standard first-order conditions that

state the equality between marginal product of an input and its real remuneration,

A(s)Fu (K (st), n(sh)) = w(st), V(ts") (10)

A(st)Fk(kd(st),nd(st)) =r(s"), V(ts). (11)

2.3 The government’s budget constraint

Every (t,s'), the government must finance exogenously given government spending, g(s'), debt
obligations b(s;|s"!), and lump-sum transfers, T(s'). To meet this obligations, the government
collects state-contingent taxes on labor income and ex-ante taxes on capital income. For every
unit of labor rented out to firms, the government collects a tax equal to tau,(s')w(s') and for
every unit of capital rented out to firms, it collects a tax equal to 7 (s* "1 )k(s!1). Additionally, the
government can issue new state-contingent claims b(s;;1|s') that are a sold at a price g(s¢+1|s")
and return a payment of one unit of output in t + 1 if s, is realized and zero otherwise. The

government’s budget constraints are

13



g(s0) + blsels'™) + T(s") = (s w(s")n(s") +(s ™ )r(s" k(s )+

Y. qlseals')b(serals),  V(ts),

St+1€S

(12)

together with a no-Ponzi games condition.

2.4 Market clearing and downward rigid wages

The market clearing conditions in the output and capital markets are standard in our environment.

Respectively,

c(st) 4 g(s¢) +k(s') — (1 = 0)k(s'™1) = A(s))F(K4(st), n(s")), V(t,s") (13)

Ki(s') = k(s'™1), V(t,s). (14)

The addition of constraint (5) to the households’ consumption set implies that the labor market
also clears. At every (t,s'), the wage w(s') is such that the quantity of labor that solves the utility-
maximization problem equals the quantity of labor that solves the profit-maximization problem.

That is,

ni(st)y =n(s), V(ts"). (15)

The downward wage rigidity constraint (3), when binding, plays the role of affecting the quantity
of labor traded between households and firms. To understand this role, consider some history st
where (3) is binding. Since the wage w(s') = yw(s'~!) cannot adjust downwards, the quantity
of labor that satisfies the firms’ first-order condition (10) - which defines the upper bound on the
quantity of labor households can choose - implies that (5) is binding at the solution to the utility-

maximization problem at history s’. This, in turn, means that A(s') > 0. A similar argument

14



suggests that if (3) is not binding at some history &, then the solution to the utility-maximization
problem has A(5") = 0. We summarize this idea with the following complementary slackness

condition as a requirement to our solution concept:

AMsH[w(s") —yw(s™1)] =0, and A(s) >0, V(t5). (16)

2.5 Solution concept with downward rigid wages

We finish this section with a definition of our solution concept in the presence of downward rigid

wages. We refer to this solution concept as an equilibrium with downward rigid wages.

Definition 1 (Equilibrium with downward rigid wages). An equilibrium with downward rigid
wages is an allocation for households {{c(s"), n(s'), k(s'), b(si+1|s") }¢ }>0, an allocation for firms
{K(s"), n(s") }st }r=0, prices {{w(s"), 7(s"), q(si1]s") }st }r=0, Lagrange multipliers {{A(s") }s }t0,
and policies {{,(s"), T (s'), T(s") }s }+>0, such that, given the sequences {{A(s!, g(s!) }s }+>0 and
initial conditions (k(s71),b(s7!), % (s71), w(s71)), (i) the household allocation solves the utility-
maximization problem, (ii) the firm allocation solves the profit maximization problem, (iii) the
government’s budget constraints are satisfied, (iv) markets clear, and (v), wages and multipliers

satisfy the complementary slackness conditions.

Following definition (1), an equilibrium with downward rigid wages is characterized by condi-
tions (3) - (16). The next section formulates the optimal taxation problem with downward rigid

wages and characterizes the optimal fiscal policy.

3 Optimal Taxes

In order to characterize the optimal Ramsey income taxes, we start by characterizing the set of

attainable allocations. Our approach follows Lucas and Stokey (1983).

Proposition 1 (Set of attainable allocations). An allocation {{c(s'),n(s"), k(s")}4 }+>0 can be at-

tained as an equilibrium with downward rigid wages with exogenously given stochastic sequences
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of aggregate productivity and government spending {{A (s) , g (s') } . } ., and initial conditions
(k(s71),b(s7 1), ti(s71),w(s™ 1)) if and only if it satisfies the resource constraints (1) for all (t,s!),

the implementability condition

iZﬁtﬂ(st)[u’(C(st))C(st) — 01’ (n(s"))n(s")] = W, (17)

t=0 st

where

Wo =1/ (c(s"){[(1 = 0 + (1 = we(s™)) F(k(s ™), m(s°) k(s ™) + b(s ™)},

and the following constraints on the marginal product of labor

A(s)Ea(k(s'™1),n(s")) = YA Ea(k(s'7%),n(s")),  V(t > 1,8") as)
18
and A(s")F,(k(s71),n(s%) > yw(s™!) for t=0.

Proof. See Appendix A. [

Proposition (1) shows that an attainable allocation is characterized by the resource constraints (1)
and the implementability condition (17). These are the same conditions we obtain in an environ-
ment with flexible wages. But wages are downward rigid in our environment and a benevolent
social planner takes the pecuniary externality into consideration. That is, a benevolent social plan-
ner takes into account that the social marginal cost of a higher wage at some history s/, w(s'),
includes the fact that the wage at some history s*! that follows from s/ may not be able to fully
adjust downwards. This is why the constraints on the marginal product of labor (18) are part of

the characterization of attainable allocations.

The Ramsey allocation - the best allocation in the set of attainable allocations - is the allocation that
maximizes (2) subject to conditions (1), (17), and (18), given the initial stock of capital k (s_l) and

historical wage w (sfl). Additionally, we follow Armenter (2008) and Chari, Nicolini, and Teles
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(2020) and assume that initial wealth in utility terms, 1V,. The interpretation is that the govern-
ment cannot confiscate initial wealth, neither directly nor indirectly. This assumption implies that
all periods look alike, which simplifies our recursive representation of the problem (see section
4). In an environment with flexible wages, an exogenously given initial wealth in marginal utility
terms ensures that the Ramsey allocation never has inter-temporal distortions, i.e., the optimal
ex-ante capital income tax equals zero forever!'?. This assumption also ensures that the Ramsey
allocation with flexible wages has the same intra-temporal wedge every period. The proposition

that follows shows that these results do not hold when wages are downward rigid.

Proposition 2 (Optimal Ramsey taxes). Let {{c(s!), n(s"), k(s') } }+>0 be a Ramsey allocation with
initial conditions (k(s71),b(s™1), % (s71),w(s1),Wp). The state-contingent labor income taxes

and ex-ante capital income taxes that implement the Ramsey allocation are, respectively,

R QT WO () s W D 10 s
A B ) R A (E RTE)) R E0)) (e ) )
Fulks () () i)
Fulk(s D), n(s0) w(els) 1+ p(1 5 9]
and
(o) BTELAG B (), () By 2]
[T (1 — o) s o (el ) Ay (30, s o)

(
E[A(s"™ ) Eu(k(s"), n(s" 1))y (s"1)] .
14+ pu(1 = 0)]E;[u' (c(s1)) A(s! 1) Fe(k(st), n(s'*1)) v(t,s'),

where p > 0 is the Lagrange multiplier of the implementability condition (17), and pf7t(s")5(s') >
0 is the present value Lagrange multiplier of the constraint on the marginal product of labor (18)

at history s’.

Proof. See Appendix B. u

12This result depends on the assumption that preferences are standard preferences in macroeconomics, as they are in
our environment per Assumption 1.
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Proposition (2) shows how downward rigid wages affect the optimal state-contingent labor in-
come tax and the optimal ex-ante capital income tax. The optimal state-contingent labor income
tax (19) is not constant over the business cycle, even under the assumption that preferences are
standard preferences in macroeconomics. To see how the optimal labor income tax moves over
the business cycle, consider some history s’ such that the Ramsey allocation has 7(s') = 0. The

optimal labor income tax is

C14p(-0) | Euk(E ) n6)  Efp(st)]

W) =1 T qr ) TP R, n) WA+ A 9]

The second term in this equation exists because of the nature of the wage rigidity. The Ramsey
planner takes into consideration that the choice for the marginal product of labor at history s

t+1 that follow from

affects the possible choices for the marginal product of labor for all histories s
st. Since the wage is above the lower bound at history s!, optimal policy consists in using the
labor income tax to induce a lower equilibrium wage w(s'). This requires giving households
an incentive to increase the quantity of labor they want to work with a lower labor income tax
rate'®. By reducing the equilibrium wage at history s’, the benevolent social planner is effectively
relaxing the constraints on the marginal product of labor (18) for all histories s'™! that follow from
s. If, on the other hand, history s’ is such the Ramsey allocation has 7(s!) > 0, this mechanism is
inaccessible because the wage is at the lower bound and cannot adjust downwards. In this case,
the labor market outcome is determined by the firms” demand (10). Despite choosing the quantity
of labor that solves the profit-maximization problem, households are willing to sacrifice some
resources to be able to work a little more. That is, the constraint (5) is binding. Optimal policy
consists in setting a higher labor income tax rate to the point where the constraint (5) is no longer
binding at the solution to the utility-maximization problem at history s’. This is because a higher

labor income tax rate when the wage is at the lower bound does not change the labor market

outcome and, as such, results in an increase in revenue without raising additional distortions.

13Recall that the production function F(-) is strictly increasing and strictly concave in both its arguments. That is,
Fun () <O.
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The optimal ex-ante capital income tax (20) is not necessarily equal to zero over the business cycle.
To see how the optimal capital income tax moves over the business cycle, first observe that it only
depends on expectations about the future. The reason is that the set of fiscal instruments includes
only ex-ante capital income taxes and we restrict of fiscal instruments in this manner to ensure
that the optimal capital income tax rate is uniquely determined. Now, consider some history s
where 77(st*1) > 0 for some history s'! that follows from s’. This means that the constraint on the
marginal product of labor (18) is binding at some history s'*! that follows from s’. Holding every-
thing else constant, optimal policy consists in decreasing the capital income tax rate that is to be
collected at s'*1. The interpretation is that a lower ex-ante capital income tax increases investment
at s', leading to a higher stock of capital at all histories s'*! that follow from s’. Since the marginal
product of labor depends positively on the stock of capital, this policy results in a higher marginal
product of capital at all histories s' !, relaxing the downward wage rigidity constraints. This idea
is captured in the second line of (20). Next, consider that the Ramsey allocation has 7 (s'™2) > 0 for

t+2

some history s'*? that follows from s’, meaning that the constraint on the marginal production of

t+2 that follows from s'. In this case, optimal policy consists

labor (18) is binding at some history s
in increasing the capital income tax rate collected at all histories s'™! that follow from s’. This has
to do with the fact that the lower bound on the wage at all histories s*? depends on the realized
wage w(s'*1). A higher capital income tax rate 7 (s') reduces investment and leads to a lower
stock of capital at all histories s'™1 that follow from s’. Everything else constant, a lower stock
of capital results in a lower equilibrium wage w(s'1), which effectively relaxes the downward
wage rigidity constraints (3) for all histories s*2 that follow from s’. This idea is captured by the
first line of (20). Finally, observe that this analysis depends on the assumption that the production
function is a standard neoclassical production function with F(-) > 0. If labor and capital were

not related in production, i.e., Fx(-) = 0, the optimal ex-ante capital income tax would be zero for

all (t,s).

In the next section, we solve the Ramsey problem numerically for a model calibrated to the U.S.

economy to see the mechanisms described in (19) and (20) and discussed above. Through this
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quantitative exercise, we will be able to fully explore the cyclical behavior of the optimal Ramsey

taxes.

4 Quantitative Results

We start this section by formulating the Ramsey problem recursively. This is a relatively straight-
forward exercise, but we want to emphasize some particular aspects of the formulation as well as
the role of some of our assumptions. We then explain our calibration strategy and introduce our

quantitative results.

4.1 Recursive formulation of the Ramsey problem

Denote by W(s') the value of wealth in utility terms at history s’. This means that

W(s') = (c(s (1 =0+ (1 (') Rlk(s ), (s K( ) + blsils 1))

We can use this variable to write the intra-temporal implementability constraints in a recursive

fashion:

u'(c(s"))e(s) —0n' (n(s"))n(s") + B ) m(ser1[s)HW(sials’) =
St+1E€S (21)

W(s') + A(sHn(s') +u/(c(s")T(s")  V(t,s").

This allows us to treat the value of wealth in marginal utility terms as a state variable. As explained
in Chari, Nicolini, and Teles (2020), promises of wealth in utility terms constrain the policy choices
of the Ramsey planner. Furthermore, our assumption that initial wealth in marginal utility terms,
W, is exogenous and the consideration that the government has access to lump-sum transfers at
all (t,s") make all periods look alike. This is a simplifying assumption that eliminates the differ-

ence between period zero and all future periods, which is standard in the literature of optimal
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Ramsey taxation. Therefore, the recursive formulation of our Ramsey problem consists of one

single Bellman equation.

The constraint on the marginal product of labor (18) suggests that we must keep track of previous
shock, stock of capital, and labor. However, we find it easier to keep track of the realization of
the previous wage, since it includes all this information. We are effectively adding an additional
sequence of choice variables to the Ramsey problem, {{w(s)}« }+>0, as well as an additional se-

quence of constraints,

w(s') = A(s")Fy(k(s"),n(s")) V(ts"). (22)

It is straightforward to see that the Ramsey allocation {{c(s'), n(s"), k(s") }s }+>0 also solves the
Ramsey problem augmented by the introduction of these additional constraints, which consists
in choosing the stochastic sequence {{c (s*) ,n (s') ,k (s) ,w (s') , W (s"1) b }t>0 that maximizes

(2) subject to (1), (3), (21), (22), and the transversality condition

t—ro0

lim Zﬁtﬂ (sYu' (c(s))w(s') =o.

The Ramsey planner enters every period with a predetermined stock of capital, k, the previous re-
alization of the wage, w_1, and a vector of wealth in utility terms, {W(s) }scs. Before making any
decisions, it observes the realization of the random variable s € S, which determines the value of
aggregate productivity, A(s), government expenditures, g(s), and the wealth in marginal utility
terms WV (s) that must be delivered this period. This means that the state vector is (s, k, w_1, ).
After observing the realization of the exogenous state s, the Ramsey planner chooses consump-
tion ¢, labor 1, wage w, the stock of capital for next period k/, and the vector of promised wealth in
marginal utility terms {W'(s’) }scs. Let V (s, k, w_1, W) denote the value associated with the Ram-

sey plan (c,n, k', w, {W'(s") }ses) at state (s, k,w_1, W). This value satisfies the Bellman equation'*

4The assumption that W) is large enough so that the the implementability condition (17) is binding at the solution
to the Ramsey problem implies that the Ramsey allocation has A(st) = T(sf) = 0 for all (t,s'). We simplify the
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V(s kw1, W)= max u(c) —0h(n)+ B Y_ n(s'|s)V(s', k', w,W'(s"))
(e k' w AW (s) g cs) s'es

st. c+g(s)+k —(1—-08)k= A(s)F(k,n)

w'(c)e— 00 (nn+ B Y n(s'ls)W'(s') =W (23)

s'eS

w = A(s)Fy(k,n)

w > yw_q.

4.2 Functional Forms, Parameters and Calibration

The functional forms chosen for our quantitative exercise are as follows. The utility function is

cl-o nltv
- —9 ,
1—-c 149

u(c)—6h(n)

where o represents the inter-temporal elasticity of substitution for consumption, and i represents
the inverse of the Frisch elasticity of labor supply. With preferences represented by such an utility
function, the traditional results of uniform labor income taxation and zero capital income taxation
over the business cycle hold. The production function is a classic neoclassical production function

of the Cobb-Douglas type,

F (k,n) = k¥*n'™",

where a denotes the capital income share.

For our calibration exercise, we consider a simple version of the U.S. economy corresponding to a
deterministic version of our model and calibrate the parameters following the standard procedure
in the literature. We set the discount factor f = 0.98, which implies that the real interest rate is

approximately 2%, and we set the inter-temporal elasticity of substitution for consumption o = 2.

Bellman equation by imposing this result and removing the Lagrange multiplier and lump-sum transfers from the
implementability constraint.
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Table 1
Externally Calibrated Parameters

Parameter Description Value Source
B subjective discount 0.98 Standard
factor
o inter-temporal 2.00 Standard
elasticity of
substitution for ¢
P inverse of Frisch 2.00 Boar and Midrigan
elasticity of labor (2022)
supply
0 disutility of labor 1.00 Boar and Midrigan
(2022)
o capital income share 0.34 CCK (1994)
) depreciation rate 0.08 CCK (1994)
0% degree of downward 0.99 Schmitt-Grohé and
wage rigidity Uribe (2016)
A aggregate 1.00 Normalization
productivity

These are typical values for these parameters. We follow Boar and Midrigan (2021) and set the
disutility of labor parameter 6 = 1 and the Frisch elasticity of labor supply = 2. We follow Chari,
Christiano, and Kehoe (1994) and set the capital share of output & = 0.34, and the depreciation
rate § = 0.08. Furthermore, we take the degree of downward wage rigidity v = 0.99 from Schmitt-
Grohé and Uribe (2016)!°> and we normalize aggregate productivity to A = 1. Table 1 summarizes

this information.

We assume that in the initial steady-state government consumption is 20% of output and that the
steady-steady level of government debt is 70% of output.!® Also, we follow Barro and Furman
(2018) and consider that the capital income tax rate is 38%. In our environment, the capital income
tax rate is applied to the rental rate of capital before depreciation whereas only capital income

net of depreciation is subject to the tax rate in Barro and Furman (2018). Nevertheless, there is an

15Schmitt-Grohé and Uribe (2016) consider a small open economy with downward rigid nominal wages, where the
downward real wage rigidity follows from the choice of imposing a fixed exchange rate regime. As such, their estimate
of v is an estimate for the degree of downward nominal wage rigidity. If, for example, we consider that the price level
grows at a 2% rate every period, a more accurate estimate for v in our environment would be v = 0.97. We will keep
our benchmark for downward rigid wages at v = 0.99, but we explore the properties of the fiscal variables for different
values of 7 in section 4.4.

16Both these values are consistent with data from the U.S. economy. (See the NIPA table 1.1.5 for the ratio of govern-
ment spending to output and series for total public debt as a percentage of gross domestic product from the Federal
Reserve Bank of St. Louis.)
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equivalent capital income tax rate in our environment, which is given by 7 = 7 ( 1-— gf) These

are our calibration targets, which we summarize in Table 2.

We set the labor income tax rate so that the government budget constraint in this initial steady-
state is satisfied. It follows from our calibration exercise that the labor income tax rate associated
with this initial steady-state is 26.76%. Our procedure also determines the deterministic level of
government consumption, which is 0.3414, and a capital income tax rate equal to 11.08%17. Table
3 summarizes the results of our calibration procedure. We look at the value of capital-to-output
ratio induced by our calibration to confirm the validity of our results. Data on the U.S. economy
suggests that capital-to-output ratio is around 3 (see NIPA table 1.1.5 for data on Gross Domestic
Product and FAA table 1.1 for data on capital stock). Our induced level of capital-to-output ratio

is 3.01.

We borrow the processes for aggregate productivity and government spending from Chari, Chris-
tiano, and Kehoe (1991). We let the productivity shock z be a zero mean symmetric two-state
Markov chain with states z; and zp, and transition probabilities Pr (z;11 = z;|z¢ = z;) = 7 for
i = L,H. Then, aggregate productivity A takes values from the set {1 —z;,1+zy}. Similarly,
we let the government spending shock ¢ be a zero mean symmetric two-state Markov chain with
states ¢ and ¢y, and transition probabilities Pr (111 = §i|$: = &) = ¢ fori = L, H. Then, gov-
ernment spending ¢ takes values from the set {0.3414 — §1,0.3414 + ¢ }. We further assume that

these shocks are uncorrelated. Table 4 presents the parameter values for these stochastic processes.

Table 2
Calibration Targets
Parameter Description Target Source
8/y ratio of government 0.20 NIPA Table 1.1.5
spending to output
b/y ratio of public debt to 0.7 FRED
output
Tk tax rate on capital 0.38 Barro and Furman
income (2018, Table 4)

7This is the capital income tax rate applied to the rental rate of capital before depreciation that is equivalent to the
capital income tax rate in Barro and Furman (2018).
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Table 3
Internally Calibrated Parameters

Parameter Description Value
g government spending 0.34
Ty labor income tax rate 0.2676
Tg tax rate on capital income 0.1108

The steady-state allocations induced by our calibration induce an initial wealth in marginal utility
terms. At period zero, aggregate productivity and government consumption fall below average
and follow their respective independent Markov chains thereafter. The government switches to
the Ramsey policy in period zero that delivers wealth in marginal utility terms in period zero
equal to wss = 7.1 and takes into account the fact that wages are downward rigid. The initial
capital stock is kss = 5.14 and the historical wage that defines the lower bound on wages in period

zero is wgs = 1.16.

4.3 Cyclical properties of the optimal Ramsey taxes

We solve the functional equation problem (23) and obtain policy functions for consumption, labor,
capital stock, and wages. Subsequently, we compute the mean, standard deviation, and the corre-
lation coefficient with respect to output of both the state-contingent labor income tax and ex-ante
capital income tax that implement the Ramsey allocation. To do so, we simulate 10,000 time series
with 11,000 periods starting from the deterministic steady state. For each simulation, we drop the
tirst 1,000 periods to ensure that we take the fiscal variables from their stationary distributions.

We compute the mean, standard deviation, and correlation coefficient of both fiscal variables for

Table 4
Parameter Values for Markov Chains for Government Spending Shock

Parameters and Values

Technology shock zr =004 zg =004 mw=091

Government spending shock 81 =10.0235 gy =0.0235 ¢ =095

Notes: The values for z, zg, 77, and ¢ are taken directly from Chari, Christiano, and Kehoe (1991). The values for g1
and ¢y were chosen so that the government spending shock is the same fraction of the steady-state value of government
spending as in Chari, Christiano, and Kehoe (1991).
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each simulation and take the average across simulations. Table 5 reports the results. The first
column shows the results of the model with flexible wages. This is the model with 7 = 0. Given
our assumptions on preferences, it is not surprising that the standard deviation and correlation
with output of the optimal labor and capital income taxes are exactly equal to zero. The results
for our baseline model with oy = 0.99 are in the second column. We can see that, on average, the
optimal labor income tax is approximately 1 percentage point lower than under flexible wages.
More interestingly, the standard deviation is now 16.49%, because the Ramsey planner no longer
finds it optimal to uniformly tax labor income. Instead, it wants to use the labor income tax to col-
lect revenue without raising additional distortions when the current wage is at the lower bound;
otherwise it wants to use to reduce the current wage and the probability that the lower bound
binds in the future. As a result, the optimal labor income behaves counter-cyclically to output
with a correlation coefficient of -0.88. The optimal ex-ante capital income tax rate in the baseline
model is, on average, negative and equal to -0.18%, and it displays a standard deviation equal to
34.19%. The higher volatility of the optimal capital income tax can be attributed to the fact that
it depends only on expectations about the future. The most interesting result has to do with the
co-movement with respect to output. Our results suggest that the optimal capital income tax is
pro-cyclical, with a correlation coefficient with output equal to 0.85. We suspect that this follows
from the high persistence of the productivity shock. If a negative productivity shock is expected
in the following period, the Ramsey planner finds it optimal to subsidize capital income to re-
duce exposure to the lower bound. Once the negative shock hits, the Ramsey planner sees it very
likely that the following shock will also be negative, and, once again, it wants to subsidize capital

income!8.

It is instructive to look at the time series for our relevant variables to see how downward rigid
wages drive our conclusions regarding the optimal linear income taxes. We do so in a version

of the model with only the technology shock!. Figure 2 shows a portion of one simulated time

180ur hypothesis is that the more iid the productivity shock is, the more acyclical the capital income tax is. We will
test this hypothesis by simulating the model with different levels of the transition probability 7.

We solved our model considering only productivity shocks and only government spending shocks and we con-
clude, as expected, that the government spending shocks play a very small role. Most of the movement of optimal
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series for wages. We include the time series for the endogenously determined lower bound to
clearly show when wages hit the lower bound. The shaded gray lines represent periods in which
the productivity shock is negative and productivity falls below average. In the baseline model,
periods in which the productivity shock is negative correspond to periods in which the wage hits
the lower bound. This need not be the case always, but a high degree of downward rigid wages

v = 0.99 makes it more likely.

Figure 3 plots the time series for output (left vertical axis) and the time series for the optimal
labor income tax rate (right vertical axis) associated with this particular simulation. In the previ-
ous section, we discussed the two opposite forces that govern the dynamics of the optimal state-
contingent labor income tax (19). It is very easy to see that these forces imply that the optimal
labor income tax behaves counter-cyclically to output. The nature of the wage rigidity — the fact
that lower bound on the wage is endogenous — makes it optimal to have a lower labor income
tax rate whenever the wage is above the lower bound. The rationale is that lower labor income
tax rate gives incentives for households to supply more hours of labor for each and every wage,
resulting in a lower equilibrium wage at (t,s'). Consequently, the probability that the endoge-
nously determined price floor is binding at some state s'™! is lower. This mechanism displays
how the optimal labor income tax rate is used to internalize the pecuniary externality. However,
in periods where the wage is at the lower bound and cannot fully adjust downwards, it is opti-
mal to have a labor income tax high enough so that the rationing constraint (5) is not binding at
the solution to the utility-maximization problem. In doing so, the government explores the op-
portunity to collect revenue without introducing additional distortions. In our environment, the
optimal labor income tax ensures that the constraint (5) is never binding at the solution to the
utility-maximization problem, not even in states where the the wage is at its lower bound. That
is, the optimal labor income tax ensures that A(s') = 0 for all (,s'). This does not mean, how-
ever, that optimal policy eliminates the effect of downward rigid wages. If that were true, the

allocation would be the same as under flexible wages and this is not the case. Indeed, when the

taxes in our environment with downward rigid wages is attributed to the technology shock.
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downward wage rigidity constraint (3) is binding, the labor market outcome is characterized by a
quantity of labor below the flexible-wage counterpart. The reason is that the government does not
have access to a fiscal instrument that can reduce the effective cost of labor to firms and increase
the quantity of labor demanded at the market wage rate. An example of such a fiscal instrument
is a state-contingent payroll tax and we can show that a combination of lower payroll taxes and
higher labor income taxes would eliminate the effects of downward rigid wageszo. Moreover, the
implication of optimal policy in our environment is that the intra-temporal marginal conditions

(8) become

= (1 -7 (s"))w(s") V(t5").

Under the optimal labor income tax policy, the intra-temporal wedge is akin to the definition
found in the literature of business cycle accounting — the ratio of the marginal rate of substitution
between labor and consumption to the marginal product of labor. Our results, although norma-
tive, are not unrealistic. Shimer (2009), for example, computes the labor wedge for the United

States and concludes that it is counter-cyclical.

In section 3, we also discussed the two opposite forces that govern the dynamics of the optimal ex-
ante capital income tax (20). Figure 4 displays these properties by plotting the time series for both
output (right vertical axis) and the optimal ex-ante capital income tax (left vertical axis) associated
with this particular simulation. Once again, the shaded gray bars represent periods in which the
productivity shock is negative and the wage is at the lower bound. We can see that the optimal
ex-ante capital income tax exhibits a pro-cyclical behavior. A period in which the wage is at the
lower bound and output is lower was assigned a positive probability in the previous period when

the capital income tax rate was set. In response to this positive probability event the Ramsey

20With payroll taxes, the wage w(s') is no longer the relevant cost of labor to firms. Instead, the effective cost of labor
is (14 1,(s"))w(s"), where T, (s") is the payroll tax rate at history s’. Payroll taxes allow the government to control the
first-order condition (10), which makes it possible to induce firms to hire any arbitrary quantity of labor, even when the
downward wage rigidity constraint (3) is binding. See Adao, Correia, and Teles (2008, 2009) and Farhi, Gopinath, and
Itskhoki (2014) for a detailed discussion of how fiscal policy can be used to implement flexible-price allocations when
prices are sticky.
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Figure 2: Time series for wages and lower bounds

Notes: We solve the Bellman equation for the Ramsey problem (23) with only the technology shock. Then,
we simulate a time series for the aggregate productivity shock with 5,000 periods. The figure presents the
25 periods within the interval 3,000 - 3,024 to ensure that the variables are obtained from their stationary
distributions. The time series for the wage is derived from the policy functions for the wage. The gray bars
show the periods in which productivity is below average.

planner finds it optimal to subsidize capital income. The interpretation of this result is as discussed
above. A lower ex-ante capital income tax leads to a higher marginal product of labor when the
productivity shock is low, thus making the effects of downward rigid wages less severe. On the
other hand, a history s’ in which the wage is above the lower bound and output is higher is a
period in which the Ramsey planner finds it optimal to have a higher capital income tax rate
T (s'~1). This follows from the attempt to internalize the effects of the pecuniary externality. A
higher capital income tax set at s‘~! reduces the stock of capital in the period in which the capital
income tax is collected k (s*~!). Consequently, the wage is lower in this period, reducing the floor

on the wage at all s'*! that follow from s~1.
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Figure 3: Counter-cyclical behavior of optimal labor income tax

Notes: We solve the Bellman equation for the Ramsey problem (23) with only the technology shock. Then,
we simulate a time series for the aggregate productivity shock with 5,000 periods. The figure presents the
25 periods within the interval 3,000 - 3,024 to ensure that the variables are obtained from their stationary
distributions. The left vertical axis displays output levels and the right vertical axis displays labor income
tax rates. The time series for output is derived from the policy functions for capital and labor. To obtain
the time series for the labor income tax rate, we use equation (8) with A(s!) = 0. The gray bars show the

periods in which productivity is below average.

4.4 Sensitivity Analysis

Even though the empirical literature on downward rigid wages is extensive and most authors

have converged to the idea that wages are downward rigid, we find no consensus regarding the

value that 7 should take. This parameter determines the intensity of downward rigid wages and,

as such, is crucial for the quantitative implications of downward rigid wages on optimal fiscal

policy. For this reason, we solve the Ramsey problem for different values of this parameter. Table

5 above reports the properties of the fiscal variables for versions of the model with o = 0.98 and

v =0.97.
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Figure 4: Pro-cyclical behavior of optimal capital income tax

We solve the Bellman equation for the Ramsey problem (23) with only the technology shock. Then, we
simulate a time series for the aggregate productivity shock with 5,000 periods. The figure presents the
25 periods within the interval 3,000 - 3,024 to ensure that the variables are obtained from their stationary
distributions. The left vertical axis displays output levels and the right vertical axis displays capital income
tax rates. The time series for output is derived from the policy functions for capital and labor. To obtain the
time series for the ex-ante capital income tax rate, we use the Euler equations (6). The gray bars show the
periods in which productivity is below average.

As one would expect, both the standard deviation and the correlation with output of the optimal
labor income and capital income tax rates presented in Table 5 decrease as y decreases. Lower
values of the intensity of downward rigid wages < imply that the degree to which wages can
adjust downward between consecutive periods is larger. In other words, an economy with a lower
7 is closer to the version of the economy with flexible wages, where uniform labor income taxation
and zero capital income taxes are optimal. Therefore, the properties of the fiscal variables are
successively closer to the values they take in an environment with flexible wages as -y decreases in
the set {0.97,0.98,0.99}. Naturally, this implies that the costs of downward rigid wages decrease

as 7y decreases. Nevertheless, the optimal labor income tax rate is still strongly counter-cyclical,
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with the correlation coefficient with output being -0.75 when v = 0.97. The optimal capital income
tax rate does not co-move with output as strongly, although it is still pro-cyclical. When y = 0.97,

which is the lowest value we considered, the correlation coefficient with output is 0.61.

5 Conclusion

In this paper, we study the implications on optimal income taxation of downward rigid wages. We
focus on a standard neoclassical economy and impose a friction in the labor market that makes
it impossible for the real wage to fall below some endogenously determined lower bound. The
endogeneity of this lower bound introduces a pecuniary externality since private agents fail to
recognize the effect that their current decisions have on the lower bound in the future. In this
environment, the classical results in the literature of optimal taxation no longer hold. In particu-
lar, the optimal state-contingent labor income tax rate is not constant over time and the optimal
ex-ante capital income tax is not equal to zero in every period, even if preferences are standard
preferences in macroeconomics. The reason is that these taxes can be used to alleviate the effects
of downward rigid wages, although they are not sufficient to completely eliminate these effects

and implement the flexible wage allocation.

The goal of optimal policy in this environment is to decrease the amplitude of the fluctuations
of the equilibrium wage in states of the world where the wage is above the lower bound. By
decreasing the equilibrium wage in such a state, we reduce the exposure to the endogenously
determined lower bound on wages in the future. To accomplish this goal, we perform a numerical
exercise and show that the optimal labor income tax acquires counter-cyclical properties and that

the optimal capital income tax acquires pro-cyclical properties.

Furthermore, a predominant feature of models with wage rigidities is the existence of involuntary
unemployment. Whenever the wage in a particular state is at the lower bound, households are
willing to pay a positive price in order to increase the quantity of labor worked above the quantity

firms want to hire. In order words, the multiplier on the rationing constraint is positive. However,
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we show that optimal policy always eliminates involuntary unemployment. In such a state of the
world, a higher labor income tax decreases the quantity of labor households want to supply at
each pre-tax wage and, by choosing the correct labor income tax, the quantity of labor households
want to supply equals the quantity of labor firms demand at a pre-tax wage equal to the lower

bound. Nevertheless, this quantity of labor is below the flexible wage counterpart.

Future work is necessary to fully understand the costs of downward rigid wages. One exercise
we will do is to study the welfare costs of following a fiscal policy that would be optimal if wages
were flexible, i.e., uniform labor income taxation and zero capital income taxes. Such an exercise
will also allow for a deeper understanding of the impact the optimal fiscal policy we propose has

on the behavior of macroeconomic variables, particularly, the amplitude of their fluctuations.
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Appendix

A Proof of Proposition 1

Our proof of Proposition (1) starts with the two Lemmas that follow.

Lemma 1. Anallocation {{c(s"), n(s"), k(s) }s } >0, Lagrange multipliers {{A(s) } } +>0, and lump-
sum transfers {{T(s') }. }+>0 can be attained as part of an equilibrium with downward rigid wages
with initial conditions (k(s™!),b(s!), % (s71), w(s™!)) if and only if they satisfy the resource con-
straints (1) for all (¢, s'), the constraints on the marginal product of labor (18), the implementability

condition

iZﬁfﬂ(st)[u’(C(St))C(St)—9h’(n(st))n(st)] = Wo+
t=0 st (24)

Y B (s A n(s) + i (c(s) T(s),

t=0 st

and the complementary slackness conditions

A A Eu(k(s™™1),m(s")) = yA(s"™ D Eu(k(s"2),n(s" )] =0, V(t=15")

ASOAGSOEy(k(s™1),n(s%) —qw(sH)] =0 for t=0, (25)

The implementability condition (24) suggests that lump-sum transfers T(s') and Lagrange multi-
pliers A(s) play a similar role in the characterization of attainable allocations. To see this, consider
an equilibrium with downward rigid wages where A(s') > 0 for some history s’. This implies that

the labor income tax rate at history st is such that

On' (n')

W < (1 — Tn(St))ZU(St).
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An alternative implementation of the same allocation consists of a higher labor income tax rate
T, (s') such that the marginal rate of substitution between labor and consumption equals the after-
tax wage and a higher lump-sum transfer. This alternative allocation has a Lagrange multiplier
equal to zero. Therefore, households are effectively receiving a lump-sum transfer when A(s) > 0.

This intuition leads to the following Lemma?!.

Lemma 2. Let the allocation {{c(s"), n(s"), k(s') } s }+>0, multipliers {{A(s") }s }+>0, and lump-sum
transfers {{T(s") }s }+>0 be attainable as part of an equilibrium with downward rigid wages with
initial conditions (k(s~1),b(s71), 7e(s7!),w(s71)). There exists a sequence of lump-sum transfers
{{T(s") }¢ }r=0 with T(s") > T(s!) for all (t,s") such that the allocation {{c(s!), n(s!), k(s") } ¢ }i=0
and lump-sum transfers {{T(s!)} }+>0 are also attainable as part of an equilibrium with down-
ward rigid wages with the initial conditions (k(s™!),b(s7!), 7 (s '), w(s!)) where the Lagrange

multipliers are A(s') = 0 for all (¢, s').

Proof of Lemma 1. In one direction, take an equilibrium with downward rigid wages with initial
conditions (k(s™1),b(s™1), 7(s71),w(s~!)). Conditions (3) - (16) are satisfied and we must show
that (1), (18), (24), and (25). Use the input market clearing conditions (14) and (15) to substitute
away the firm allocation from the equilibrium conditions. Doing this in the output market clearing
conditions (13) yields (1). Doing this in the firms’ first-order condition (10) yields the wage w(s')
in terms of (k(s'~!),n(s")). Next, substitute away the resulting equation in the downward wage
rigidity constraints (3) and the complementary slackness conditions (16). This yields (18) and (25),

respectively. The households” consolidated budget constraint is

t

i th—%‘i(sf‘\sj’l))k(st) — (1= Tu(s))w(s)n(s")] =

t=0 s j=

(1=0+ 1= n(s7))r(s°)k(s™) +b(s™) +ZZH (s1s™))T(s"),

t=0 st j=0

210ur environment allows for lump-sum transfers because we want to make allocations attainable with A(s!) = 0
for all (¢, s'). Without lump-sum transfers, this would only be necessarily true for the allocation that solves the optimal
taxation problem
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where g(so|s~!) = 1. Use the Euler equation (7) to substitute away the prices of state-contingent
assets, the intra-temporal marginal conditions (8) to substitute away after-tax wages, and the

firms’ first-order conditions (11) to substitute away the capital rent at ¢t = 0. This yields (24).

In the other direction, take an allocation allocation {{c(s"), n(s"), k(s") } ¢ }+>0, multipliers {{A(s") } s }+>o0,
and lump-sum transfers {{T(s') }, };>0 that satisfy conditions (1), (18), (24), and (25). We need
to find a firm allocation, state-contingent assets, prices, and policies, such that conditions (3)
- (16) are satisfied. The input market clearing conditions (14) and (15) pin down the firm al-
location {{k4(s*),n(s")}s }i>0. The firms’ first-order conditions (10) and (11) pin down pre-tax
wages {{w(s") }s }>0 and capital rents {{r(s') }« }+>0, respectively. The Euler equations (6) and
(7) pin down ex-ante capital income tax rates {{t(s')}, }+>0 and state-contingent asset prices
{{q(st+1]s") } & }+>0, respectively. The intra-temporal marginal conditions (8) pin down labor in-
come tax rates {{7,(s") }s }+>0. The households’ budget constraints (4) pin down state-contingent
assets {{b(s;11]s") }st }t>0. The complementary slackness conditions that characterize the solution
to the utility-maximization problem (9) are satisfied since (15) holds. The output market clearing
conditions (13) are satisfied since (1) holds, and since (14) and (15) hold. The downward wage
rigidity constraints (3) complementary slackness conditions (16) are satisfied since (18) and (25)

hold. Finally, the government’s budget constraints (12) are satisfied by Walras’ law. u

Proof of Lemma 2. Take an allocation {{c(s), n(s'), k(s') } }+>0, multipliers {{A(s") }s }+>0, and lump-
sum transfers {{T(s")}« }+>0 that can be attained as part of an equilibrium with downward rigid
wages with initial conditions (k(s71),b(s71), 7e(s71), w(s™1)). It follows from Lemma (1) that con-
ditions (1), (18), (24), and (25) are satisfied. Now, define the new sequence of lump-sum transfers,

{{T(s")}¢ }i>0 as follows:
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It suffices to show that the allocation, the new sequence of lump-sum transfers, and the sequence
of multipliers {{A(s!) } }+>0, where A(s') = 0forall (t,s") satisfy conditions (1), (18), (24), and (25).
The resource constraints (1) and the constraints on the marginal product of labor (18) are satisfied,
since the allocation is attainable as an equilibrium with downward rigid wages. Conditions (25)
are satisfied with A(s) = 0 for all (t,s"). To see that the implementability condition (24) is satisfied,

observe that

> L () 4160 = > WECIUERE
= ()T + e L LB A ()] +
i (st (e(s1)) T(s")
- gsgﬁfn(sf)[usf)n(sf) 1 (e(s) T().
This completes the proof. ]

Lemma (1) and Lemma (2) yield the following corollary.

Corollary. An allocation {{c(s"),n(s"), k(s') }st }t>0 and lump-sum transfers {{T(s") } }+>0 can be
attained as part of an equilibrium with downward rigid wages with initial conditions (k(s~1),b(s™1), (s 1), w(s”
if and only if they satisfy the resource constraints (1) for all (#,s'), constraints on the marginal

product of labor (18) and the implementability condition

Y Y Bl(sh [ (c(s))e(s!) — 01 (n(s))n(s')] = Wo+ Y. Y Ba(su (c(s)T(s").  (26)

t=0 st t=0 st

To complete the proof of Proposition (1), we need only to impose the non-negativity of lump-sum

transfers.
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B Proof of Proposition 2

Let u > 0 be the Lagrange multiplier on (17) and pf7t(s')7(s') > 0 be the present value Lagrange
multiplier on (18) at history s'. The Ramsey allocation must satisfy the necessary first-order con-

ditions

L v A
Bt I, el
and
V) =B T w8+ AR (7))
3 (s fo) AU )
By I wloals) AT k() ) L ol e

for all (¢,s'). An equilibrium allocation with downward rigid wages must satisfy, for all (¢, s),

P — (1= ()AE B () -

and

=B Y mlserals")u' (e(s™ )1 =6+ (1 — w(s)) A Fe(k(s"), n(s™))].

St4+1€S

Lemma (2) shows that the Ramsey allocation can be implemented with A(s') = 0 for all s. There-
fore, the state-contingent labor income tax at history s’ that implements the Ramsey allocation is

implicitly defined by
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(o) = LEH0) | Fulbls () 7(s) )
T ) R G, 0(0) WG+ (g

B Fun(k(s'=1), n(s")) t
W (c(s"))[1 + u(1+ )] Fa(k(s™ 1), n(s") )Z|”| (s

Solving for T,(s") yields (19). And the ex-ante capital income tax at history s’ that implements the

Ramsey allocation is implicitly defined by

NB Y mlseals ' (c(s™ 1)) A Fe(k(s'), n(s™1)) =

St+1€S
Y o A(St“)Pnk(k(St), n(s™h) e
7T\ S S S —
ﬁ St41st t+1| 1+ ‘M(]. - U) ( )

52,)/ E 7'((St+1 |St) A(St+1)Fnk(k(St)/ n(st+1))

t+1)
Spa1lst 1+ ;”(1 - ‘7) Spanlsttl

t+2).

7T(St42[8" )1 (s

Solving for 7 (s') yields (20).

This completes the proof of Proposition (2).
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